
Critical Finance Review, 2015, 4: 139–148

(Im)Possible Frontiers: A Comment
Moshe Levy, School of Business Administration at the Hebrew University
Richard Roll, Anderson School at UCLA

ABSTRACT

A totally positive mean-variance efficient aggregate market
portfolio—one with no negative weights—is the key equilib-
rium feature of the Capital Asset Pricing Model (CAPM). Bren-
nan and Lo (2010) designate an efficient frontier as “impossible”
when every efficient portfolio has at least one negative weight.
For randomly drawn covariance matrices, they prove that the
probability of an impossible frontier approaches 1 as the num-
ber of assets grows. Impossible frontiers are also invariably
found with empirical sample parameters, regardless of the sam-
pling method. These results might seem like a deadly blow
to the CAPM. However, we show here that slight variations in
sample parameters, well within estimation error bounds, can
lead to frontiers with positive portfolio segments. Parameters
producing possible frontiers are somewhat like rational num-
bers on the real line: they occupy a zero-measure of parameter
space, but there is always one close by. Thus, starting from an
impossible frontier, slight changes in asset prices, as they con-
verge to an economic equilibrium, deliver a possible frontier,
consistent with the CAPM.
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One of the central implications of the Capital Asset Pricing Model (CAPM) is
that the market portfolio is mean-variance efficient. As the market portfolio
is by definition a positive portfolio (that is, all the portfolio weights are
positive), the CAPM equilibrium requires the existence of a positive mean-
variance efficient portfolio. The existence of such a portfolio, or lack thereof,
has therefore attracted a great deal of research interest (see, among others,
Roll and Ross (1977); Roll and Ross (1977); Rudd (1977); Green (1986);
Green and Hollifield (1992); Best and Grauer (1985), Best and Grauer
(1992); Jagannathan and Ma (2003); and Levy and Roll (2010)).

Green (1986) derives analytical conditions for the existence of positive
efficient portfolios, and argues that these conditions conform to economic
intuition about the tradeoff between risk and return. However, empirical
studies have almost invariably failed to find a positive portfolio on the
efficient frontier constructed from the sample parameters (Gibbons (1982);
Jobson and Korkie (1982); Levy (1983); Shanken (1985); Kandel and
Stambaugh (1987); Gibbons et al. (1989); Zhou (1981); and MacKinlay and
Richardson (1991)). Furthermore, various standard shrinkage corrections
to the sample parameters do not resolve the problem.

In a recent paper, Brennan and Lo (2010), henceforth BL, argue against
the existence of positive efficient portfolios when the number of assets is
large. They prove that if the covariance matrix is randomly drawn, then the
probability of an impossible efficient frontier, one without a single positive
portfolio, converges to 1 as the number of assets grows. They also show
that empirically estimated parameter sets invariably lead to impossible
frontiers. The BL paper might thus seem like a ruinous indictment of the
CAPM.

However, the true parameters are not drawn at random and they are not
exactly equal to sample estimates. Asset prices adjust, inducing parameter
adjustments, until an economic equilibrium is achieved. The fact that pa-
rameters leading to possible frontiers occupy a zero-measure of parameter
space is economically irrelevant. The only economic issue is whether the
scarcity of such parameters implies that adjustments sufficient to move
the market portfolio onto the (adjusted) efficient frontier are unrealistic.
Clearly, such adjustments are not impossible. Adjustments are nonsensical
for randomly drawn parameters, such as in BL, because, by construction,
random parameters have no affiliation with equilibrium asset prices. Yet
for empirical sample parameter estimates, the realism of adjustments can
be gauged relative to the boundaries implied by statistical variation.
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In this comment we show that a minor adjustment to the statistical
parameter estimates, well within their estimation error bounds, suffices to
yield a segment of positive portfolios on the efficient frontier. Parameter sets
that lead to possible frontiers resemble rational numbers: the probability of
randomly sampling one from the real number line is zero, but for any point
on the real number line there is always a rational number nearby. This is a
conceptual analogy, not a literal one. For rational numbers, “nearby” means
within any epsilon greater than zero. For possible frontiers, “nearby” means
parameters that are statistically consistent with the empirical estimates.

From an equilibrium perspective, a mean-variance optimizing repre-
sentative investor would initially attempt to hold one of the portfolios on
BL’s impossible frontier, which necessarily contains short positions in some
assets. But in shorting those assets, their prices would be driven down.
Conversely, allocating more than 100% of wealth to the non-shorted assets
would cause their prices to rise. This implies that expected returns, and
possibly covariances, will change from the original BL random or sample
values. In equilibrium, the representative investor must hold a positive
position in all existing assets. This cannot happen until prices move enough
to produce a possible frontier; that is, a standard CAPM frontier with a
segment of totally positive portfolios. We show here that prices do not have
to move very much to achieve that equilibrium.

The main idea of our approach, as described in our previous papers
(Levy and Roll (2010) and Levy and Roll (2012)), is to start with a given
sample parameter set and then find the parameter set that is as close as
possible to the sample set while ensuring that the efficient frontier includes
positive portfolios. After this adjusted parameter set is found, we check
whether it is statistically consistent with the sample set.

In general, one may consider adjustments to the expected returns, the
standard deviations, and the correlations. In order to simplify the analysis
we restrict ourselves here to adjustments only to the expected returns and
standard deviations, and leave the correlations unchanged. Obviously,
allowing for adjustments to the correlations as well would only improve the
results, as it would allow many more degrees of freedom in the optimization
and would thus imply even smaller adjustments.

Following BL, we take all stocks in the S&P 500 index as of December
of 1995 for which monthly return data were available for the period from
January 1980 through December 2005 (312 monthly returns). From these
stocks, we randomly draw 100 stocks and compute the efficient set. Below,
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we give a detailed description of one typical 100-stock set, and we later
provide statistics for a large number of other randomly drawn stock sets.

We then look at two totally positive portfolios, one value-weighted
(based on the market capitalization of the stocks as of December 1995),
and the other equal-weighted. Neither portfolio is on the sample efficient
frontier computed with sample mean returns, sample standard deviations,
and sample correlations. However, then we adjust the sample means and
standard deviations so that the frontier itself shifts along with the subject
portfolio until the two are coincidental.

Table 1 shows the parameters and adjusted parameters for the value-
weighted case (due to space considerations only the parameters for the
first 20 stocks are shown, but all 100 of the adjusted parameters are well
within the estimation error bounds.) For all 100 stocks, the adjusted mean
return minus the sample mean return has a minimal t-value of −0.94 and a
maximal value is 1.08. Given 312 observations, the 95% confidence interval
for the adjusted/sample variance ratio is (0.86–1.18). The minimum ratio
we find is 0.91 and the maximum is 1.06.

Figure 1 shows the efficient frontier based on the adjusted parameters,
and the segment of efficient portfolios that have all positive weights. These
results show that even a small adjustment to the sample parameters yields
an efficient frontier with a rather substantial segment of positive portfolios.

While these are univariate statistics, the picture does not change when
multivariate tests are employed. We employ the bootstrap to estimate
the multivariate sampling error involved when the adjusted parameters
are compared with sample estimates from 312 bootstrap observations.
We compute the Euclidian distance between adjusted parameters and the
original sample parameters, as well as the Euclidean distance between
the bootstrapped sample parameters and the original sample parameters.
In 10,000 bootstrapped samples of 312 returns, the average Euclidian
distance is 0.0766 and the standard deviation is 0.0112. In comparison,
the Euclidean distance between the adjusted parameters and the original
sample parameters is only 0.0447.

Table 2 and Figure 2 show the corresponding results for an equal
weighted portfolio. The results are similar, and, again, all of the 200 param-
eters are within their estimation error bounds. A multivariate bootstrap
analysis again supports this inference. Figure 2 reveals that the segment of
positive efficient portfolios is even larger than in the value weighted case.
This is not very surprising, as the optimal-portfolio weights on the efficient
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(1) (2) (3) (4) (5) (6) (7)

# (i) µsample
i µ∗i σ

sample
i σ∗i t for µ∗i (σ∗i )

2/(σsample
i )2

1 0.0117 0.0145 0.0862 0.0806 0.3541 0.9349
2 0.0150 0.0140 0.0693 0.0703 −0.1466 1.0155
3 0.0120 0.0141 0.0811 0.0788 0.2795 0.9716
4 0.0134 0.0141 0.0971 0.0954 0.0768 0.9835
5 0.0184 0.0152 0.1088 0.1108 −0.3190 1.0185
6 0.0078 0.0153 0.1487 0.1393 0.5438 0.9367
7 0.0151 0.0135 0.0650 0.0666 −0.2707 1.0244
8 0.0137 0.0128 0.0520 0.0527 −0.1865 1.0126
9 0.0120 0.0128 0.0497 0.0494 0.1754 0.9937

10 0.0115 0.0141 0.0685 0.0653 0.4086 0.9538
11 0.0072 0.0136 0.0758 0.0706 0.9262 0.9322
12 0.0143 0.0142 0.0713 0.0706 −0.0144 0.9911
13 0.0142 0.0133 0.0502 0.0507 −0.1903 1.0098
14 0.0153 0.0140 0.0821 0.0829 −0.1777 1.0093
15 0.0158 0.0139 0.0641 0.0657 −0.3127 1.0249
16 0.0132 0.0151 0.0977 0.0950 0.2158 0.9723
17 0.0146 0.0150 0.0929 0.0917 0.0445 0.9869
18 0.0106 0.0137 0.0805 0.0780 0.4176 0.9685
19 0.0011 0.0150 0.1396 0.1270 1.0851 0.9100
20 0.0102 0.0147 0.1099 0.1050 0.4430 0.9557

Table 1: The sample parameters and closest adjusted parameters ensuring that the value-
weighted portfolio is mean-variance efficient.

Description: The sample means and standard deviations are shown in columns (2) and
(4), respectively. The adjusted parameters that are closest to the sample parameters and
ensure that the value-weighted portfolio is efficient are given in columns (3) and (5). For
the sake of brevity, the table reports only the first 20 of the 100 stocks. The t-values for
the expected returns are given in column (6), which shows that none of these values are
significant at the 95% level (this is true for all 100 stocks). Column (7) reports the ratio
between the adjusted variances and the sample variances. The 95% confidence interval
for this ratio is [0.86–1.18]. All of the ratios in the table, as well as the ratios for all other
80 stocks not shown here, fall well within this interval. These results are obtained with
a value of α = 0.97 in the minimized distance measure D (see Eq. (1) of Levy and Roll
(2010)). Higher values of α reduce the variation in the expected returns (at the expense of
increasing the deviations in the standard deviations).
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Figure 1: The efficient frontier derived from the adjusted parameters that ensure that the
value-weighted portfolio is mean-variance efficient.

Description: The adjusted parameters are shown in Table 1. The bold segment is the
segment of all-positive efficient portfolios. The star marks the value-weighted portfolio.

frontier are continuous functions of the zero-beta rate employed, and the
equal-weighted portfolio has weights that are as far as possible from zero
on average.

The results above are for one particular random sample of 100 stocks.
However, they are very typical. When we repeat the analysis for different
draws of 100 stocks, we find very similar results. For 100 draws of 100
stocks we have a total of 20,000 parameters (100 sets × (100 means +
100 standard deviations)). Over all these values, we find that the adjusted
parameter is outside of the 95% confidence interval of its sample counter-
part in only 0.85% of the cases. Again, this indicates that the adjustments
required are typically much smaller than the estimation error.

One may suspect that the existence of a nearby parameter set leading
to a positive portfolio segment depends crucially on the number of assets.
After all, BL’s results pertain to N →∞. In order to examine this issue, we
repeat the analysis above for 50 stocks, and for 150 stocks. In each case
we draw 100 random sets of stocks. In the case of 50 stocks, we find that
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(1) (2) (3) (4) (5) (6) (7)

# (i) µsample
i µ∗i σ

sample
i σ∗i t for µ∗i (σ∗i )

2/(σsample
i )2

1 0.0117 0.0143 0.0862 0.0836 0.3249 0.9697
2 0.0150 0.0138 0.0693 0.0702 −0.1761 1.0138
3 0.0120 0.0140 0.0811 0.0794 0.2621 0.9797
4 0.0134 0.0139 0.0971 0.0965 0.0545 0.9938
5 0.0184 0.0149 0.1088 0.1114 −0.3465 1.0243
6 0.0078 0.0148 0.1487 0.1433 0.5116 0.9634
7 0.0151 0.0135 0.0650 0.0663 −0.2725 1.0197
8 0.0137 0.0128 0.0520 0.0525 −0.1806 1.0090
9 0.0120 0.0128 0.0497 0.0493 0.1836 0.9920

10 0.0115 0.0140 0.0685 0.0659 0.3992 0.9618
11 0.0072 0.0135 0.0758 0.0716 0.9073 0.9447
12 0.0143 0.0142 0.0713 0.0711 −0.0259 0.9981
13 0.0142 0.0133 0.0502 0.0508 −0.1968 1.0123
14 0.0153 0.0139 0.0821 0.0830 −0.1843 1.0108
15 0.0158 0.0139 0.0641 0.0657 −0.3139 1.0255
16 0.0132 0.0150 0.0977 0.0955 0.2063 0.9772
17 0.0146 0.0149 0.0929 0.0921 0.0326 0.9914
18 0.0106 0.0136 0.0805 0.0784 0.4019 0.9734
19 0.0011 0.0149 0.1396 0.1285 1.0732 0.9207
20 0.0102 0.0146 0.1099 0.1054 0.4373 0.9597

Table 2: The sample parameters and closest adjusted parameters ensuring that the equal-
weighted portfolio is mean-variance efficient.

Description: The sample means and standard deviations are shown in columns (2) and
(4), respectively. The adjusted parameters that are closest to the sample parameters and
ensure that the equal-weighted portfolio is efficient are given in columns (3) and (5). For
the sake of brevity, the table reports only the first 20 of the 100 stocks. The t-values for
the expected returns are given in column (6), which shows that none of these values are
significant at the 95% level (this is true for all 100 stocks). Column (7) reports the ratio
between the adjusted variances and the sample variances. The 95% confidence interval for
this ratio is [0.86–1.18]. All of the ratios in the table, as well as the ratios for all other 80
stocks not shown here, fall well within this interval.

2.76% of the parameters are outside of the 95% confidence interval of their
sample counterparts. In the case of 150 stocks, the percentage goes down
to 0.39%. Thus, if anything, it seems that finding a nearby parameter set
that ensures a positive portfolio segment on the efficient frontier becomes
easier when the number of assets increases.
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Figure 2: The efficient frontier derived from the adjusted parameters that ensure that the
equal-weighted portfolio is mean-variance efficient.

Description: The adjusted parameters are shown in Table 2. The bold segment is the
segment of all-positive efficient portfolios. The star marks the equal-weighted portfolio.

Conclusion

BL provide a beautiful and powerful proof that shows that the probability
of randomly drawing parameters that lead to the existence of even a single
positive portfolio on the efficient frontier approaches zero as the number of
assets increases. They show that this is also the case empirically, regardless
of the sampling specifics. These are strong results, which seem to imply
that the CAPM equilibrium cannot possibly hold when there are many
assets. However, this result pays no heed to an important consideration:
a mean-variance representative investor must hold the market portfolio,
which is totally positive, and, most importantly, asset prices must adjust
until this equilibrium is achieved.

Even though parameter sets that lead to possible frontiers occupy a
zero-measure of the parameter space, there is always one nearby. We
demonstrate this with the same empirical data that was employed by BL.
Like them, we find that sample parameters lead to an impossible frontier.



(Im)Possible Frontiers: A Comment 9

However, we show that a slight modification of the parameters, well within
their estimation error bounds, leads to a segment of positive portfolios on
the frontier. Moreover, this segment can be quite large. Thus, the sample
parameters are perfectly consistent with a possible frontier.

It is instructive to consider the process of moving to a mean-variance
equilibrium. Imagine first that a covariance matrix and vector of expected
returns are estimated. As BL show, for such sample parameters there
generally will be no positive efficient portfolio, but, as shown here, there
will be a positive efficient portfolio for points nearby in parameter space.
With the BL parameters, the mean-variance optimizing representative agent
would want to short some assets and would not want to hold the aggregate
portfolio. Yet the aggregate portfolio must be held because assets exist in
positive net supply.

In attempting to short, prices of the assets being shorted would fall.
Similarly, allocating more than 100% of wealth to the non-shorted assets
would cause their prices to rise. This implies that expected returns (and
possibly covariances) would adjust from the original BL values. Clearly,
there can be no mean-variance economic equilibrium until prices move to
the point that the representative agent is satisfied holding positive positions
in all existing assets; that is, the equilibrium is the standard CAPM frontier
with at least some totally positive portfolios. We show that prices would
usually not have to move all that much from sample estimates to bring
about this equilibrium.

In summary, while BL’s results are insightful and perfectly correct, they
do not imply that the sample parameters are inconsistent with positive
efficient portfolios. The opposite is true.
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